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1. Let G be a locally compact group, H a closed normal subgroup of 
G, G/H the factor group and n the canonical projection G --+ G/H. The 
(equivalence classes of) complex functions integrable with respect to the 
Haar measure of G form a Banach algebra L1(G) under convolution. 
with the norm 11/111= fl/(x)ldx. 
The mapping T H defined by 
(1) 1--+ T HI, (THf) (x) = fH I(x~) d~, x =n(x),1) I E L1(G), 
IS a homomorphism of £l(G) onto £l(G/H) ([7a]; see also the footnote 
in [7b], p. 260). 
It is the purpose of this Note to give an outline of the properties of 
two classes of sub algebras of £l(G), especially with regard to harmonic 
analysis in case G is abelian. Detailed proofs will appear elsewhere. 
2. We call a subalgebra S1(G) of £l(G) a SEGAL ALGEBRA if it has the 
following properties 2): 
(S1) S1(G) is dense in £l(G) in the (norm) topology of L1(G) and is 
invariant under left translations: I E S1(G) => Lal E S1(G) for all a E G, 
where (Laf)(x) = l(a-1x). 
(S2) S1(G) is a Banach algebra under some norn II· lis which is invariant 
under left translations (1ILa/lls=ll/lls for all 1 ES1(G), a EG) and has the 
following property: given I E S1(G), then to any e> 0 there is a neigh-
bourhood U. of the neutral element e EG such that IILyl-/lls<e for 
each Y E u .. 
(S3) There is a constant 0 such that 11/1iI.;;;;;0 ·ll/lls for all 1 E S1(G). 
Remark. The condition (S3) is redundant if G is abelian. 
Examples 
(i) The continuous functions in L1(G) that "vanish at infinity", with 
the norm 11/11s=11/1iI +11/1100' / 
(ii) The (equivalence classes of) functions in L1(G) n Lp(G), with 
1 <p<oo (p fixed), the norm being 11/11s=11/111 +ll/llp. 
1) T H/ is defined almost everywhere on G/H. 
2) They are essentially those given by Segal ([9], Theorem 3.1). 
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(iii) Let G be abelian, r a discrete subgroup such that Gj r is compact. 
It can be shown that the continuous functions f on G that satisfy 
llflls= sup L max If(uxy)l<oo, 
ueG rer xeK 
where K is a (fixed) compact set such that K· r=G, form a Segal algebra 
under this norm. 3) This algebra depends only on r, not on the choice 
of K (subject to K· r=G). 
There are, of course, many other examples. 
3. A real-valued function w on G is said to be a weight function if 
it has the following properties (cf. [1] and [2], p. 18): 
(WI) w(x);;:d for all x E G; 
(Wz) w(xy)<:,w(x).w(y) for all x, y EG; 
(W3 ) w is measurable and locally bounded. 
The (equivalence classes of) functions IE Ll(G) such that 
(2) 11/111,w= Slf(x)lw(x) dx<oo 
form a subalgebra of Ll(G) which is a Banach algebra under the norm (2). 
We denote it by Lw1(G) and call it a BEURLING ALGEBRA. Lw1(G) 
contains all continuous functions with compact support, since w is 
locally bounded. 
For every Beurling algebra Lw1(G) the weight function w can be 
assumed, without loss of generality, to be upper semi-continuous. This is 
seen at once by introducing w1(x)=lim sup W(XU).4) Accordingly we shall 
u-+e 
assume once lor all that w is upper semi-continuous. 
We have 
and 
Lw1(G) possesses left (and right) approximate units. The closed left 
(right) ideals of Lw1(G) coincide with the closed left (right) invariant 
linear subspaces. An important difference between Lw1(G) and L1(G) is 
that, in general, the involution f --+ f* [f*(x) = f(x-1 ) L1(x-1)] is not applicable 
in Lw1(G), even when G is abelian. 
Examples 
(i) For x ERn, put w,,(x) = (1 + Ix!)", IX> 0, where Ixl is the usual norm 
in Rn. We denote the corresponding Beurling algebra simply by L,,?(Rn). 
(ii) Let Qp be the additive group of p-adic numbers. Then we can 
introduce a norm Ixlp for x E Qpn and obtain Beurling algebras 
L,,?(Qpn), IX> 0, corresponding to the weight functions w,,(x) = (1 + Ixlp)". 
3) This example was introduced by Wiener for G=R, r=z, (cf. [10], p. 73). 
4) The introduction of this function was suggested by H. Freudenthal. 
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(iii) On a non-unimodular group, we can put w(x)=max {I, L/(x)}. 
There are of course many other examples, especially in Rn, also of 
weight functions with discontinuities. 
The dual space of Lw1(G) is LwOO(G), formed by all measurable functions 
cp such that 5) 
[cp(x)[ 
Ilcplloo.w=ess. sup -( -) <00. 
OJeG W X 
It is of importance in the applications that, if cp E LwOO(G) is continuous, 
then [cp(x)[<llcplloo.w·w(x) tor all x EG. This follows from the upper semi-
continuity of w. 
If f E Lw1(G), cp E LwOO(G), then t* * cp is in LwOO(G) 6) and 
111* * cplloo,w<lltb,w·llcplloo.w· We can write explicitly 
(f* * cp)(x) = S f(y) cp(yx) dy . 
5. The image ot a Segal algebra or a Beurling algebra on G under the 
mapping TH (cf. (1)) is again a Segal algebra respectively a Beurling 
algebra on G/H. 
For Segal algebras the proof is immediate and the new norm (on G/H) 
is simply the ordinary quotient norm. In the case of a Beurling algebra 
Lw1(G) we have: TH maps Lw1(G) onto Lw 1(G/H), where 'tb is the weight 
function on G/H defined by 7) 
w(x)= inf w(x;) x=n(x) . 
<eH 
More precisely: Let J w1(G, H) be the kernel ot the restriction of TH to 
Lw1(G). Then 
and this isomorphism is not only algebraic, but also isometric (the right-
hand side being provided with the ordinary quotient norm). 
The proof for Beurling algebras consists in directly calculating the 
quotient norm. This is done first for the case that G is "enumerable at 
infinity" by using (besides the Hahn-Banach theorem) the relation 
(3) ess. sup {ess. sup [ct>(x;)[}=ess. sup [ct>(x) [ , 
weG/H <eH OJeG 
valid for measurable functions ct> on such groups 8). Then the result is 
extended to general locally compact groups. 
5. The main result on Segal algebras Sl(G), when G is abelian, is 
as follows 9). 
5) Two functions conciding locally almost everywhere represent the same 
element of LwOO(G). 
6) This might not be true for f * rp; 
7) Observe that w is again upper semi-continuous. 
8) Observe that in (3) each "ess. sup" is relative to a different Haar measure. 
9) For a particular example of a Segal algebra this has recently been proved 
in [6, Theorem 5]. 
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There is a one-to-one correspondence between the family of all closed 
ideals of Sl(G) and the family of all closed ideals of £1(G). More precisely, 
every closed ideal of Sl(G) is simply the intersection of a (unique) closed 
ideal of £1(G) with Sl(G). 
This is proved by considering A(G), the sub algebra of £1(G) consisting 
of all (continuous) functions in £1(G) whose Fourier transforms have 
compact support. Every Segal algebra on G contains A(G). 
6. The ideal theory of Beurling algebras, however, is a quite different 
matter. First we state some known results. Let G be abelian. 
(A) If w satisfies the condition 
00 log w(xn) ! 2 <= ",~1 n (4) for each x E G , 
then Wiener's theorem holds for Lw1(G) [2, Theorem 2.11J. 
(B) Let w satisfy the conditions 
w(xn)=O(lnl"'), Inl---+=, for some IX(=IXx»O 1 
1· . f w(xn) 0 1m In --= 1"'1~00 Inl 
(5) for each x E G. 
Then every closed primary ideal of Lw1(G) is maximal or, in another 
terminology [7c], every single point of the dual group G is a set of 
uniqueness for Lw1(G). 
Remark. If additive notation is used for G, then xn should be 
replaced by nx in (4) and (5). 
(B) was proved for G=Z by SHILOV [3, § 41] and for abelian groups 
by DOMAR, even in a more general formulation [2, Theorem 3.41]. The 
statement above can actually be obtained rather simply from Shilov's 
result. 
We say that Lw1(G) satisfies the condition of Wiener-Ditkin if, given 
J:o E G and f E Lw1(G) such that j(J:o) = 0, then to every s> 0 there is a 
rELw1(G) such that T is 1 near J:o and Ilf*rlll,w<s. Actually, it is enough 
to consider only the neutral element of G. 
If Lw1(G) satisfies (A) and also the condition of Wiener-Ditkin, then, 
of course, the familiar generalization of Wiener's theorem applies to 
Lw1(G). 
It can be shown that the algebra L",l(Rn) satisfies the condition of Wiener-
Ditkin if 0 « IX < 1; 10) for the algebra L"l(Qpn) this is true even for all IX;;;' O. 
It is a remarkable fact that the circle is a set of uniqueness for L,,1(R2) 
if 0 « IX < t, but a set of multiplicity if t « IX < 1. This is contained, 
essentially, in two well-known papers by HERZ [5] and SCHWARTZ [8], 
10) This has also been proved by C. S. Herz (unpublished), even in a more 
general formulation. 
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respectively. The second part shows that there are Beurling algebras 
Lw1(G) which satisfy (5) but contain closed ideals that are not the 
intersection of Lw1(G) with a closed ideal of LI(G). 
One can also prove the following. Let Lw1(G) satisfy (4) and the condition 
of Wiener-Ditkin. Let Ir C 12 be distinct closed ideals of Lw1(G) with the 
same cospectrum 11). Then there exists a closed ideal 1 of Lw1(G), distinct 
from Ir and 12 , such that 11 C 1 C 12• The proof is a modification of that 
given by HELSON [4] for the case of the ordinary algebra Ll(G) and 
brings out clearly the role of the condition of Wiener-Ditkin. 
7. Define the spectrum of a function ({J E LwOO(G), sp ({J, as the 
co spectrum of the ideal 1<p = {lif E Lw1(G), f* * ({J= O}. Let w be a weight 
function on G satisfying (4). Let H be a closed subgroup of G and let 
WH be the restriction of w to H. Let Hl. be the closed subgroup of G 
orthogonal to H, so that H =G/Hl.. Then the following holds: 
(i) Let ({J E LwOO(G) be continuous and put ({Jx,H(;) = ({J(X;) , ; E H, so 
that ({Jx,H E L':H(H). Then the spectrum of ({Jx,H is contained in the closure 
of 3l(sp ((J) [3l: G---+G/Hl.]' 
(ii) A ~losed set Q CHis a set of uniqueness for L~H(H) if and only if 
3l-1(Q) eGis a set of uniqueness for Lw1(G). 
(i) and (ii) extend results known in the case of LOO(G) and LOO(H) 
respectively Ll(G), LI(H) [7b, c]. In particular, closed subgroups of G are 
sets of uniqueness for Lw1(G), if w satisfies (5). 
The results above show that there exist relations between the closed 
ideals of Lw1(G) and those of L~H(H); but what these relations are, 
is-at the present time-still a mystery. 
"" "" --
11) The cospectrum of I is the set of all Xo E G such that !(xo)=O for all ! E I. 
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